Part I Preparation of lanthanide single crystals Part II Elastic moduli and thermal expansion of lutetium single crystals from 4.2 to 300°K by Tonnies, James John
Retrospective Theses and Dissertations Iowa State University Capstones, Theses andDissertations
1970
Part I Preparation of lanthanide single crystals Part
II Elastic moduli and thermal expansion of lutetium
single crystals from 4.2 to 300°K
James John Tonnies
Iowa State University
Follow this and additional works at: https://lib.dr.iastate.edu/rtd
Part of the Metallurgy Commons
This Dissertation is brought to you for free and open access by the Iowa State University Capstones, Theses and Dissertations at Iowa State University
Digital Repository. It has been accepted for inclusion in Retrospective Theses and Dissertations by an authorized administrator of Iowa State University
Digital Repository. For more information, please contact digirep@iastate.edu.
Recommended Citation
Tonnies, James John, "Part I Preparation of lanthanide single crystals Part II Elastic moduli and thermal expansion of lutetium single
crystals from 4.2 to 300°K " (1970). Retrospective Theses and Dissertations. 4366.
https://lib.dr.iastate.edu/rtd/4366
71-14,267 
TONNIES, James John, 1938-
PART I. PREPARATION OF LANIHANIDE SINGLE 
CRYSTALS. PART II. ELASTIC MODULI AND THERMAL 
EXPANSION OF LUTETIUM SINGLE CRYSTALS FROM 
4.2 TO 300°K. 
Iowa State University, Ph.D., 1970 
Engineering, metallurgy 
University Microfilms, A XEROX Company, Ann Arbor, Michigan 
THIS DISSERTATION HAS BEEN MICROFILMED EXACTLY AS RECEIVED. 
PART I. PREPARATION OF LANTHANIDE SINGLE CRYSTALS 
PART II. ELASTIC MODULI AND THERMAL EXPANSION OF 
LUTETIIM SINGLE CRYSTALS FROM 4.2 TO 300°K 
by 
James John Tonnies 
A Dissertation Submitted to the 
Graduate Faculty in Partial Fulfillment of 
The Requirements for the Degree of 
DOCTOR OF PHILOSOPHY 
Major Subject: Metallurgy 
Approved: 
In Charge of Major Work'^  
Head of Major Department 
D s^Ai of Gr. aduate College 
Iowa State University 
Ames, Iowa 
1970 
Signature was redacted for privacy.
Signature was redacted for privacy.
Signature was redacted for privacy.
ii 
TABLE OF CONTENTS 
Page 
PART I. PREPARATION OF LANTHANIDE la 
SINGLE CRYSTALS 
INTRODUCTION lb 
EXPERIMENTAL PROCEDURES AND RESULTS 2 
Strain-Anneal Method 2 
Electron-Bsam-Floating-Zone Method 12 
Crystallographic Transformation Method 17 
PART II. ELASTIC MODULI AND THERMAL EXPANSION 20 
OF LUTETIUM SINGLE CRYSTALS FROM 4.2 TO 300°K 
INTRODUCTION 21 
Crystal Elasticity 21 
EXPERIMENTAL PROCEDURE 26 
Crystal Orientation 26 
Transit Time Measurements 27 
Density Determinations 29 
EXPERIMENTAL RESULTS 34 
Elastic Moduli 34 
Thermal Expansion 42 
D^ISCUSSION 49 
Adiabatic Bulk Properties 49 
Debye Temperature 54 
Elastic Anisotropy 57 
SUMMARY 
BIBLIOGRAPHY 
ACKNOWLEDGMENTS 
APPENDIX A 
APPENDIX B 
iii 
67 
69 
73 
74 
77 
la 
PART I 
PREPARATION OF LANTHANIDE 
SINGLE CRYSTALS 
lb 
INTRODUCTION 
Numerous methods have been used to prepare single crys­
tals of the lanthanide elements. The more common procedures 
are the Bridgman (1-3), Czochralski (4), s train-anneal (5), 
and the floating-zone (6,7) techniques. One or more of these 
methods have yielded significant results when applied to the 
heavy lanthanides, gadolinium to lutetium, but little success 
when applied to the light lanthanides, cerium to europium. 
Three methods were tried in this investigation, namely, 
the strain-anneal, the electron-beam-floating-zone, and the 
crystallographic transformation procedures. The lanthanides 
investigated were praseodymium, neodymium, and lutetium. 
These materials were chosen since minimal crystal-growing 
research has been conducted on them. The metals were prepared 
by the thermo-reduction of the rare earth fluorides by cal­
cium, as described by Spedding et a^ . (8). The goal of the 
present investigation was to prepare crystals approximately 
1.25 cm (0.500 inch) in diameter and in length for elastic 
moduli measurements. 
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EXPERIMENTAL PROCEDURES AND RESULTS 
Strain-Anneal Method 
General 
The strain-anneal method for producing single crystals 
depends on the fact that the recrystallized grain size in­
creases with decreasing amount of prior strain, provided the 
strain exceeds the critical strain, E^  (curve A of Fig. 1). 
A strain just larger than E^  is required to obtain recrystal-
lization in order to allow as few nuclei as possible to grow 
into the deformed material at the annealing temperature. If 
less than the critical strain is applied, little recrystalli-
zation will occur on subsequent annealing (curve B in Fig. 1). 
If the strain greatly exceeds Eg several crystals in the same 
specimen will result. 
The starting material must be in a strain-free and uni­
form, fine-grained state, which is usually attained by cold 
working followed by a relief anneal. A small and uniform 
grain size is necessary to obtain homogeneous deformation dur­
ing the critical straining so as to reduce the probability of 
nucleation of stray crystals. The fine-grained specimen is 
then deformed by a tensile or compressive strain of several 
per cent, and annealed by slowly heating to a point well above 
Fig. 1. 
7o PRIOR STRAIN 
Recrystallized grain size versus amount of prior 
strain 
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the recrystallization temperature. A few new crystal nuclei 
form at some unknown temperature, hence the need for slowly 
raising the temperature. These nuclei then invade the 
strained matrix and consume it entirely before the temperature 
has risen high enough to generate more nuclei. 
A more reliable procedure is to pass the critically 
strained specimen through a temperature gradient. In this way 
only One end of the specimen will be at the proper temperature 
for recrystallization. This allows nucleation to begin at one 
end of the specimen and the temperature gradient ensures that 
nucleation does not occur ahead of the main growth front. The 
temperature in effect, travels along the specimen, thereby in­
creasing the probability that a single grain will travel along 
with it, consuming the deformed matrix before the latter is 
able to nucleate new grains. The temperature gradient should 
be as large as possible in order to decrease the probability 
of forming many new grains by recrystallization. A final 
grain growth anneal completes the process (9). 
Praseodymium and neodymium 
In the initial stage of the present investigation, arc-
melted neodymium buttons were: 1.) annealed as arc-melted, 
following the procedure of Nigh (5); 2.) deformed to an aver­
age plastic strain of 1-3% and then annealed; and, 3.) locally 
5 
deformed 1-2% by compression in addition to the 1-3% overall 
strain and then annealed. All annealing was done at a temper­
ature of (825+10)°C for 18 to 57 hours in a vacuum of 10~® 
torr. Polishing and etching revealed no significant grain 
growth for any of the three techniques. 
The next step was the use of controlled plastic strain 
followed by annealing in a constant temperature zone. Follow­
ing the procedure of Peterson et (10), praseodymium and 
neodymium tensile specimens, both tapered and non-tapered, 
were subjected to a variety of relief anneals, controlled 
strain values, and growth anneals in an attempt to achieve 
significant growth. In all cases, the specimens were prepared 
by melting the metal chunks in 1.91 cm (0.750 inch) diameter 
outgassed tantalum crucibles in an induction furnace. Radio­
graphs were taken, by using either a cobalt^ ® or iridium^ ^^  
source, to detect any shrinkage holes present in the filled 
crucibles. In no case were shrinkage holes detected. The 
tantalum was either peeled or machined away and the billet was 
machined into a tensile specimen with 7/16-16 threads on each 
end with a gauge diameter of 0.64 cm (0.250 inch) on the non-
tapered specimens. The tapered specimens had a gauge diameter 
of 0.64 cm (0.250 inch) at one end and 0.556 cm (0.2187 inch) 
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at the other. The gauge lengths ranged from 2.5 to 5.0 cm 
(1 to 2 inches). 
For neodymium relief anneals were done at (550+10)°C at 
10"^  torr with the samples sealed in outgassed tantalum cruci­
bles. The annealing times ranged from 12 to 80 hours. The 
annealed specimens were given a tensile strain which ranged 
between 0.06% and 5.87%. The growth anneals were carried out 
at 820 to 840°C for 84 to 324 hours at 10'® torr. All anneal­
ing was done with specimens sealed in tantalum. The largest 
grains, several millimeters on a side, were obtained in 
samples strained 1-2%. 
Praseodymium, which was sealed in tantalum, was relief 
annealed at (500+10)°C at 10"® torr for 35 to 48 hours. 
Plastic strain varied from 1.17 to 1.40%. Growth anneals were 
done at (78C|+10)°C at 10~® torr for 100 hours. The maximum 
growth was a few millimeters on an edge. 
For both neodymium and praseodymium the final grain 
structure was determined by polishing sections of the samples 
on the standard series of emery papers, 1 and 3 micron diamond 
paste, and etching with 5% nital solution. 
Since this technique did not seem to work a temperature 
gradient was employed in addition to the controlled strain 
factor. Neodymium samples were prepared by induction melting 
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in 2.5 cm (1 inch) diameter outgassed tantalum crucibles. The 
filled crucibles were radiographed and samples showing shrink­
age holes were remelted. Initially the solid samples were 
cold-swaged, in tantalum, to a size where 3/4-14 threads could 
be machined on both ends. A number of attempts at straining 
such a designed specimen in an Instron tensile testing machine 
ended with the sample cracking in the grips or deforming while 
being fitted in the grips. The threaded sample was abandoned 
in preference to a non-threaded one which could be strained by 
using a set of split tensile grips (Fig. 2). In this type 
grip the ends of the specimen are fitted into chambers A and 
A' of the upper and lower grips, respectively. The knobs, B 
and C, of the grip barrels fit into the respective chambers B' 
and C' immediately above the sample chambers of the upper and 
lower grips. 
New samples were cold-swaged to 2.26 cm (0.890 inch) at 
which point the tantalum was peeled or machined off. The 
swaged metal was machined into an untapered tensile specimen 
with unthreaded ends, gauge diameter of 1.25 cm (0.500 inch), 
and gauge lengths ranging from 2.5 to 5.0 cm (1 to 2 inches). 
The relief anneals were made at 10~^  torr and (350+10)°C for 
8 hours. By using the split grips, all samples were given a 
tensile strain within the 1-2% region. By means of a worm-
'/2- 14 PIPE THREADS 
TO FIT INSTRON 
TENSILE MACHINE 
ALL MATERIALS 
303 STAINLESS STEEL 
-GRIP BARREL 
KNOB B 
CHAMBER B' 
5 
135/64 
SLIP RING 
CHAMBER A 
Z 
CHAMBER A' 
—SLIP RING 
CHAMBER C' 
-KNOBC 
GRIP BARREL 
CROSS SECTION OF UPPER GRIP 
Fig. 2. Design of split tensile grips 
CROSS SECTION LOWER GRIP 
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rack-magnetic coupler-O-ring arrangement (Fig. 3) the strained 
samples could be moved through a temperature gradient of 30°C/ 
cm, over a 10 cm length, at speeds ranging from 2 to 16 mm/ 
hour. All samples were heated through the gradient in 24 
hours at a linear movement of 3 mm/hour at 10"^  torr. This 
was followed by a growth anneal at (820+10)°C for 120 to 504 
hours. In almost all instances the resultant specimens showed 
cracking to some degree. Moreover, a fibrous texture parallel 
to the long axis of the specimen was observed. In an attempt 
to break up this preferred orientation believed to be caused 
by induction melting, neodymium cylinders, approximately 2.5 
cm (1 inch) long and 2.29 cm (0.900 inch) in diameter were 
machined from induction-melted metal, compressed 20% along the 
long axis, remachined to give an optimum sized smooth cylinder, 
and relief annealed at (250[+10)°C for 8 hours. Upon subse­
quent plastic straining 1.4-1.5% by compression, these cylin­
ders cracked suggesting that the initial compression did not 
break up the fibers, but merely deformed them causing internal 
cracking. 
In arc-melted neodymium fingers the fibrous texture is 
perpendicular to the long dimension of the sample. In order 
to break up this fibrous structure these fingers were given an 
initial reduction in area ranging from 20 to 28% with 1.30 cm 
10 
OOP QUO 
MAGNETIC 
COUPLER 
WATER 
COILS 
8" FLANGE 
BOLTED TO 
UHV SYSTEM 
SHAFT FROM 
MAGNETIC 
COUPLER 
SS SLEEVE 
15/32" OD 
3/8" SS ROD 
1/8" SS TUBES (8) 
1/4" SS RACKS (2) 
0-RINGS 
TO PULLEY -
MOTOR SYSTEM 
SS DISC 
SS WORM GEAR 
SS DISC 
1/16" SS RODS (8) 
ALL NUTS ARE 
1-72 SS 
Fig. 3. Worm-rack-magnetic coupler-O-ring mechanism for 
crystal growing furnace (SS signifies stainless 
steel; UHV signifies ultra high vacuum) 
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(0.510 inch) being the final diameter of all samples. A 
greater reduction in area than 30% caused cracking, less than 
20% did not disturb the structure. All specimens were ma­
chined to within the range 1.278 to 1.283 cm (0.503 to 0.505 
inch) diameter and given a relief anneal at (250+10)°C at 10"^  
torr for 8 to 24 hours. In all cases the resultant structure 
was fine grained and the fibrous texture was eliminated. All 
specimens were then cold-swaged to 1.267 cm (0.499 inch) to 
give a plastic strain of 1-2%. The strained samples were 
moved through the temperature gradient at 3mm/hour for 24 to 
36 hours and then annealed at (820+10)°C for 1 week at 10 ^  
torr. All annealing was done in sealed tantalum crucibles. 
Polishing and etching revealed grain growth on the order of a 
few millimeters. 
Lutetium 
Since lutetium undergoes no high temperature transforma­
tion, it can be annealed very near its melting point (%1655°C). 
Accordingly, lutetium chunks (Lui) were arc-melted into finger 
form, sealed in tantalum, and annealed for 1 week at (1430+ 
20)°C at 10 ^  torr with no movement through a temperature 
gradient. A rectangular single crystal of the size 1.27 cm 
wide X 0.63 cm thick x 3.17 cm long (0.500 x 0.250 x 1.25 
inches) and other smaller crystals resulted. A second batch 
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of lutetium chunks (Lull), differing in purity from the first, 
was handled in the same manner except it was annealed for 100 
hours at (1395+15)°C followed by an additional 100 hours at 
(1495+5)°C at 10"^  torr. Three single crystals of the size 
0.95, 1.27, and 1.59 cm (0.375, 0.500, and 0.625 inch) long, 
all 1.27 cm (0.500 inch) in diameter, resulted. 
The major contaminants of Lui were (in parts per million 
by weight): oxygen (725), nitrogen (360), tantalum (140), 
carbon (100), the remaining impurities totaling less than 150. 
The major contaminants of Lull were (in parts per million 
by weight): oxygen (220), tantalum (150), carbon (100), the 
remaining impurities totaling less than 200. 
Electron-Beam-Floating-Zone Method 
Brissot and Matres (6) and Whittaker (7) have grown 
single crystal rods of gadolinium (6,7), terbium (7), holmium 
(7), and dysprosium (7) using the electron-beam-floating-zone 
method. Since the outlook for obtaining large grains of neo-
dymium and praseodymium by the strain-aniicial method was dim, 
it was decided to try the floating-zone technique. 
In the Materials Research Corporation Electron Beam Zone 
Refiner Model EBZ-93, electrons thermionically emitted from a 
hot tungsten filament (cathode) are accelerated toward a rod 
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of material (anode) by a D.C. potential of 1 to 10 kilovolts 
(Fig. 4). The rod is supported at both ends in a vertical 
position. The electron beam is concentrated by molybdenum 
plates and produces a relatively short molten zone length (3 
to 7 mm), which is held in place by its surface tension. On 
striking the rod the electrons give up their excess kinetic 
energy as heat. This energy is dissipated within a thin sur­
face layer and subsequent heating of the interior is effected 
by thermal conduction. This process is carried out in a 
vacuum of 10~^  torr or better at operating temperatures. Rods 
up to 45.7 cm (18 inches) long and 0.95 cm (0.375 inch) can be 
mounted in the existing equipment. 
In order to develop operating techniques arc-melted 
praseodymium fingers were initially spark machined into 
quadrants running the length of the finger. These quadrants 
were subsequently cold-swaged to form 0.31 cm (0.125 inch) 
diameter rods. The typical zone pass was approximately 8.9 cm 
(3.5 inches) in length at a zoning rate of 0.75 mm/minute. On 
one pass a bicrystal was obtained, approximately 2.5 cm (1 
inch) long. Next 0.47 cm (0.187 inch) diameter rods were 
float-zoned. These rods were obtained by 3 swaging passes on 
praseodymium fingers. The first 2 passes were followed by a 
relief anneal at (25(H;10)°C for 9 hours at 10 ^  torr. After 
14 
PRASEODYMIUM OR 
NEODYMIUM ROD 
MOLYBDENUM 
FOCUSING 
PLATES V 
MOLTEN ZONE 
32 
HOT 
TUNGSTEN 
FILAMENT 
(0.030") 
Fi-S* 4. Geometric arrangement between filament, specimen, 
and focusing plates for electron-beam-float-zoning 
the initial arc-melting, every swaging pass, and every relief 
anneal the samples were electropolished in a methanol-6% per­
chloric acid solution and cleaned in an ultrasonic cleaner. 
Rods ranging in length from 25.4 to 41.9 cm (10 to 16.5 
inchës) were obtained. Scanning passes ranging from 2.5 to 
19.1 cm (1.0 to 7.5 inches) were made at a rate of 0.75 mm/ 
minute. This slow rate was found most conducive to grain 
growth, which was evident in all cases. 
Finally, 0.63 cm (0.250 inch) swaged rods of both praseo­
dymium and neodymium were float-zoned. A typical rod prepara­
tion procedure was as follows: the 1.25 cm (0.500 inch) 
diameter arc-melted finger was swaged to 1.14 cm (0.450 inch), 
annealed, swaged successively to 0.95, 0.78, and then to 0.63 
cm (0.375, 0.310, and 0.250 inch), annealing, electropolishing, 
and cleaning as before. The initial swaging pass was found to 
be critical; greater than 30% caused excessive cracking while 
less than 20% required more passes than necessary. Rods with 
diameters of 0.67 and 0.72 cm (0.265 and 0.285 inch) were 
tried also, but usually were not successfully zone-melted due 
to the closeness of sample to the molybdenum focusing plates. 
Rods up to 41.9 cm (16.5 inches) long were obtained and scan­
ning passes up to 19.1 cm (7.5 inches) at 0.75mm/minute were 
made with some success. The largest crystal of praseodymium 
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obtained was approximately 6 mm wide x 4 mm thick x 40 mm 
long (0.25 X 0.15 x 1.5 inches). After orientation, these 
crystals were found to be too small for meaningful elastic 
moduli measurements. Neodymium crystals were much smaller, 
usually several millimeters on an edge. 
Because of the physical geometry of the zone refiner, the 
final 10 cm (4 inches) on each end of the rods could not be 
float-zoned. Moreover, in order to minimize thermal stresses 
arising when the zone was first formed, each finished rod was 
cut into 2 sections of unequal length, where the shorter sec­
tion was usually 11.4 cm (4.5 inches) long. The shorter sec­
tion was mounted in the bottom of the zone refiner since all 
float-zoning was done in the upward direction, with the first 
zone being formed at the junction of the 2 sections. The 
sections were critically aligned in a vertical direction not 
only with themselves but also with the holes in the focusing 
plates. Due to the number of times the same rods were arc-
melted and swaged, the resulting crystals were considerably 
less pure than the starting material. 
Since all attempts at float-zoning rods greater than 0.63 
cm (0.250 inch) in diameter were unsuccessful and since there 
were no immediate plans to modify the apparatus to accommodate 
larger diameter specimens, the crystallographic transformation 
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or phase change method was next tried to achieve the desired 
single crystals. 
Crystallographic Transformation Method 
When a metal is cooled through a phase transformation, 
the grains of the high-temperature phase are replaced by a 
completely new set of grains of the low-temperature phase. 
Since the operational mechanism of the transformation in 
praseodymium and neodymium is not completely understood, al­
though a nucleation-growth process is suspected, no special 
attention was given to elaborate furnaces with known tempera­
ture gradients, etc., but instead, the trial and error method 
was used. 
Arc-melted fingers of praseodymium and neodymium, typi­
cally 1.91 cm (0.750 inch) in diameter and 7.5 cm (3 inches) 
long, were sealed in outgassed tantalum crucibles, which in 
turn were sealed in 316 stainless steel crucibles. This com­
posite was then cycled and annealed at appropriate tempera­
tures in resistance furnaces. 
o 
For neodymium, which transforms from dhcp to bcc at 850 C, 
the high-temperature phase was initially annealed at (880+5)°C 
and the low-temperature phase at(825+5)°C. The duration of 
the anneals ranged from 3 to 12 hours at 880°C and from 5 to 
f 
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14 hours at 825°C. Then the cycle was repeated, reheating at 
880°C and then cooling to 825°C. The number of cycles varied 
from 4 to 6. After the final cooling to 825°C, the sample was 
annealed from 65 to 265 hours. This final anneal was given to 
eliminate any substructure resulting from the transformation. 
A second variation was tried. In this case the operating 
range straddling the transformation temperature was (920+5)°C 
for 10 to 17 hours and (800+5)°C for 14 to 18 hours. The num­
ber of cycles ranged from 3 to 5 with the final anneal of 1 to 
2 weeks. In a final (third) variation, the upper temperature 
was (985+5)°C for 6 hours, and the lower temperature was (800 
+5)°C for 96 hours. The number of cycles ranged from 1 to 3 
with a final anneal of 1 week. The third variation yielded 
the largest crystal, approximately 4 mm wide x 5 mm thick x 10 
mm long (0.15 x 0.20 x 0.40 inch). Examination of the fingers 
before and after the cyclic process showed grain growth to 
have occurred in all cases. 
For praseodymium, which transforms from dhcp to bcc at 
795°C, the initial anneals were made at (850+5)°C for 6 to 17 
hours and at (750+5)°C for 19 to 120 hours. The cycles ranged 
from 1 to 5 with a final anneal of 1 to 2 weeks. These condi­
tions yielded a grain occupying the entire end of a finger, 
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the shortest dimension along the length of the finger being 
1.59 cm (0.625 inch), the longest dimension being 2.5 cm (1 
inch). Another variation was tried with the annealings at 
(900+5)°C for 6 to 10 hours and at (750+5)°C for 1 to 2 weeks, 
the final anneal lasting from 1 to 2 weeks after 1 or 2 cycles. 
Growth using these parameters was not as significant as before, 
even though growth was evident in all specimens. 
Before and after arc-melting, all samples were electro-
polished as before. The etchant used to reveal the grain 
structure was 20% nital. 
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PART II 
ELASTIC MODULI AND THERMAL EXPANSION 
OF LUTETIUM SINGLE CRYSTALS FROM 4.2 TO 300°K 
21 
INTRODUCTION 
Crystal Elasticity 
When a body is distorted from its normal shape by the 
application of external forces, the body is said to be 
strained. The most apparent physical effect is that points 
on the body have taken new positions relative to the old. If 
the displacement of any point in the x, y, z directions is 
taken as u, v, w, and if the displacements are small compared 
to the dimensions of the body, then the total strain, e^ j, at 
any point may be expressed by 6 components, 3 longitudinal 
and 3 shear, 
exx=eil=ei = |j ^'^22- = ®z2 = ®33=®3=li 
(1) 
®y2= ®23= l^ + l^ ®5=|i + Ij 
«12= «6 = 1^  +|f 
where the single subscript notation is that as introduced by 
Huntington (11). 
The stress (force per unit area) applied to a body may 
also be defined by 6 components, i.e., 3 normal stresses 
applied to the x, y, z planes and 3 shear stresses in the 
22 
X, y, z planes. 
Hooke's law, which states that stress is proportional to 
strain for sufficiently small strains, relates the 6 stress-
strain components by the equation: 
where is the homogeneous stress and the constants of pro­
portionality introduced (C^ j) are called the moduli of elas­
ticity. 
For volume under stress, the First Law of Thermodynamics, 
for an adiabatic process, may be written as 
where dU is the change in internal energy and dW is the amount 
of work done on the system during any displacement of the 
volume. From Nye (12), this work can be given as 
6 
(2) 
dU = dW (3) 
6 
dW = o^ de^  (4) 
i=l 
which becomes 
6 
(5) 
upon using Eq. 2. Therefore 
6 
(6) 
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From Eq. 6, 
. C., = , (7) 
de^ dSj dejde^  
thus 
Cij = Cji 
and the 6x6 array of values, now called adiabatlc elastic 
moduli, is reduced to 21. This number is further reduced by 
symmetry operations of the respective crystal classes. For 
hexagonal materials there are 5 independent moduli, Cji, 
C33, C^ 4, and Cgg = l/2(Ci2-C22). 
Equation 7 shows that the C^ j have a more fundamental 
physical significance than mere proportionality constants in 
Hooke's Law, namely, they are second derivatives of the inter­
nal or strain energy density. For most materials the energy 
density is not known as a function of the strain and thus 
other methods must be used to obtain the . 
By invoking hexagonal symmetry the stress-strain equa­
tions become 
(T2 = Ci2ei + Ciie2 + Cigeg 
(8) 
3^ = Cigei + Ci3e2 + Cggeg 
4^ " ^44®4 
1^1®1 + ^ 12®2 + ^ 1363 
24 
^5 = C44e5 
6^ ^  ^ 66^ 6 " 
Now the dynamic equations of equilibrium of a small ele­
ment of the body can be given as 
A cri + A i aj = 
J. tTg + J. C2 + — "4 =P-^  (9) 
ÔX ôy ÔZ 3t^  
where p is the density and t is time (13). 
Now following Musgrave (14,15), when the expressions for 
stress, Eq. 8, are substituted in Eq. 9 a set of 3 simultan­
eous differential equations is obtained (see Appendix A). If 
a plane wave solution of the form 
(u,v,w) = (A^ , Ay, Ag ) exp ( Ix+my+nz - v^ t^  (10) 
where (A^ ,Ay,A2) is a displacement vector of the plane wave, 
(l,m,n) are the direction cosines of the plane wave normal, 
Vjj is the phase velocity, and \ is the wavelength, is substi­
tuted, 3 equations are obtained (see Appendix A). 
The condition for non-zero solutions of (A^ ,Ay,Ag) is 
25 
a-pv. n 
d-pv 
n 
c 
f 
h- pv 
= 0 
n 
2 
which is a cubic equation in pv^ . Solving the secular deter­
minant yields the set of workable equations: 
pv^  = ^ Cc^ i+c^ i^sin^ s + %[C33+C/,/| ]cos^ 6 + 0(Cij,0) 
P^ Ti ~ %f^ Cii+C44]sin^ 0 + ^ CCgg+C^ J^cos^ e - 0(Cij;6) 
pv-jjj = %CCii-Ci2^ sin^ 0 + C^ c^os^ e 
(11) 
where 
0(Cij,0) = % |^ in^ 0C(Cii+C33-2C44)2 -
-2sin20C(C33-C44)(Cii+C33-2C44) - 2(Ci3+C44)2] + (033-044)^  ' 
and 0 is the angle between the ^ -axis and the direction of 
wave propagation. From Eq. 11 it can be seen that there are 
3 types of plane wave motion possible in any given direction. 
In 1 mode the particle motion of the vibrations is nearly 
longitudinal (subscript L) and in the remaining 2 nearly 
transverse (subscripts T% and Tji) with respect to the wave 
front. The former mode is called the longitudinal polariza­
tion while the latter 2 are the shear polarizations. 
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EXPERIMENTAL PROCEDURE 
Crystal Orientation 
From Eq. 11 considerable mathematical simplification re­
sults when 0 is taken parallel and perpendicular to the c-axis. 
Four of the 5 independent moduli are obtained by using these 2 
orientations, the fifth value (C^ g) being obtained from propa­
gation along some skew direction relative to the c^ -axis. By 
following the procedure of Wood (16), and by using an Elec­
tronics and Alloys Mark I goniometer, the resultant crystals 
of Lui and Lull were oriented parallel and perpendicular to 
the c-axis by the Laue back-reflection technique. The skew 
angle was found by the same procedure. After orientation, the 
crystals were cut on a Sparcatron electromaching apparatus to 
produce a pair of parallel faces on each sample. After hand-
lapping using 600 grit emery paper, 1 and 3 micron diamond 
paste, and electropolishing in the methanol-6% perchloric 
solution, the oriented samples were again examined by x-rays 
and found to have face normals within +0.5 of the desired axis. 
Individual sets of faces were found to be parallel to within 
+0.0002 cm (+0.00008 inch). Pertinent data for these oriented 
crystals are given in Table 1. 
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Table 1. Pertinent data for lutetium single crystals 
Sample 
0 
angle between 
face normal 
and £-axis 
Shape Dimensions (cm) 
width thickness length 
lA 
(b-axis) 
90 
Lui 
Parallel­
epiped 
0.6 1.2 1.1120 
IB 
(c-axis) 
0 Parallel­
epiped 
0.9 0.7 0.7392 
IB 
(skew) 
78.25 Parallel­
epiped 
Lull 
0.7 0.7 0.8721 
2A 
(b-axis) 
90 Right 
cylinder 
Diameter -1.5 1.2153 
2B 
(c-axis) 
0 Parallel­
epiped 
1.1 1.1 1.2642 
2C 
(skew) 
79.75 Parallel­
epiped 
1.2 0.9 0.7039 
Transit Time Measurements 
By using Eq. 11, the elastic moduli can be calculated 
over a temperature range if both the ultrasonic wave velocity 
for a direction and polarization, and the density are known 
over that range. For lutetium, the ultrasonic velocities in 
the 3 independent propagation directions were determined by 
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combining sample thickness measurements and ultrasonic pulse 
transit times. 
The transit times were measured by the pulse superposition 
technique developed by McSkimin (17-19). The longitudinal and 
transverse waves were generated by 10 mega Hertz X- and Y-cut 
quartz transducers, respectively. The transducers were 0.028 
cm (0.011 inch) thick quartz discs, which were gold plated on 
one side for better thermal conductivity. Various sealants 
were tried in bonding the transducers to the samples, includ­
ing stopcock greases and diffusion pump oil. For longitudinal 
waves the best sealant found was Dow-Coming 200 Fluid (DC-
200) with a viscosity of 2.5 x 10^  ^centistokes at 298°K. 
This sealant worked satisfactorily over the entire temperature 
range, 4.2 to 300°K. For shear waves, phenyl salicylate 
(Salol) was used at room temperature and 273.2^ K, and DC-200 
was used over the remainder of the temperature range. The 
transit times for Lui and Lull from 4.2 to 300°K are listed 
in Appendix B. 
All data were taken over 2 separate temperature ranges. 
The first consisted of taking data while cooling from room 
temperature to 77.2°K and the second consisted of taking data 
while heating from 4.2 to 77.2^ K. It was found that electro-
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polishing left the samples with such smooth surfaces that it 
was impossible to bond transducers to them. A light polish­
ing with 1 micron diamond paste removed the gloss and satis­
factory bonds were obtained. 
Density Determinations 
Density values were calculated from expansivity data 
obtained from an automatic recording low-temperature dilatom-
eter. The dilatometer is essentially the type described by 
Gschneidner et al. (20). The specimen temperature is recorded 
by a thermocouple connected to the Y-component of an X-Y 
strip-chart recorder, while the change in specimen length is 
simultaneously recorded by a linear variable differential 
transformer (LVDT) connected to the X-component. The major 
modification in the present investigation is the addition of 
copper wool in the space between the push-rod and outer quartz 
tube to prevent thermal gradients (Fig. 5). 
The dilatometer was calibrated by using copper and gold. 
A copper cylinder (99.999%) was annealed for 10 hours at (493+ 
5)°C, cleaned in 1:1 nitric acid-distilled water and 1:1 
hydrochloric acid-distilled water solutions, and dried. The 
final dimensions were 2.47 cm (0.974 inch) long and 1.91 cm 
(0.750 inch) in diameter. The experimentally determined 
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Fig. 5. Schematic drawing of thermal expansion apparatus 
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expansivity data, where = Ap - is the speci­
men's length at temperature T(°K), and is the length at 
273.2°K, were compared to that of Nix and MacNair (21), Rubin 
et (22), and Carr et al. (23). Agreement of experimental 
values with published data was found to be + 2% or better down 
to approximately 90°K at which point the expansivity of quartz 
became comparable to that of copper. Subtracting the pub­
lished copper data from the experimental values below 90°K 
yielded the quartz corrections. 
A gold cylinder (99.999%) was annealed for 10 hours at 
(300 + 5)°C and cleaned. The final dimensions were 2.54 cm 
(1.001 inches) long and 1.79 cm (0.704 inch) in diameter. 
Since the expansivity data for gold of Nix and MacNair (21) 
have a lower temperature limit of 77.2°K, a comparison of 
their data with present values could only be made between 300 
and 77.2°K, and the agreement of the data was found to be + 2% 
or better. 
Following these calibrations, expansivity data were 
obtained for Lui followed by another series of copper calibra­
tions. The expansivity data for Lull were then obtained. A 
minimum of 3 liquid helium runs were made on all samples. All 
data were obtained on heating from 4.2°K to room temperature 
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since the cooling rate in the reverse direction could not be 
easily controlled. Temperatures from 4.2 to 20°K were meas­
ured by using a gold-0.03 atomic pet. iron versus copper 
thermocouple, and a copper-constantan thermocouple was used 
to measure the temperature from 20°K to room temperature. 
Quartz corrections were made in all cases. After the lutetium 
data were completed, a third series of copper calibrations was 
obtained; resultant data matched the prior 2 calibrations. 
The sample lengths were determined at room temperature by 
using a traveling microscope. A plot of the temperature de­
pendence of the density of Lull is shown in Fig. 6. 
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EXPERMENTAL RESULTS 
Elastic Moduli 
The elastic moduli of Lui and Lull have been determined 
from 4.2 to 300°K by using the experimentally determined ultra­
sonic velocities and density values. The 0°K values have been 
obtained by extrapolation. The moduli for Lui and Lull are 
shown in Tables 2 and 3 and the Lull values are plotted as a 
function of temperature in Figs. 7, 8, 9, 10, and 11. Since 
the moduli for both sets of crystals are very similar, all 
subsequent calculations were made on Lull. 
In determining room temperature moduli one must account 
for the following sources of systematic error: non-parallel­
ism and roughness of crystal surfaces, thickness measurements, 
misorientation of crystal axes, diffraction effects from the 
transducer, and phase change corrections. With a minimum of 
experimental finesse the non-parallelism and thickness factors 
can be eliminated. Moment (24) has investigated roughness 
effects on ultrasonic velocities in aluminum, and has found 
that if the specimen is free from gouges and pits surface 
roughness contributes little to moduli variation. Orientation 
contributions arise when the wave propagation direction devi­
ates from a pure mode axis. Waterman (25) has shown that a 
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Table 2. Adiabatic elastic moduli of Lui in units of 10^  ^
dynes/cm^  
T(°K) Cii Ci2 Ci3 C33 C44 C66 
300,8 8.746 3 .25 2.43 8.052 2.712 2.750 
273.2 8.793 3 .24 2.42 8.069 2.725 2.775 
223.6 8.881 3 .24 2.42 8.114 2.753 2.820 
198.5 8.927 3 .24 2.40 8.142 2.770 2.844 
174.5 8.972 3 .24 2.42 8.172 2.789 2.866 
151.5 9.014 3 .24 2.41 8.201 2.808 2.888 
125.3 9.062 3 .24 2.40 8.234 2.832 2.912 
77.2 9.151 3 .24 2.45 8.296 2.885 2.957 
66.3 9.170 3 .24 2.47 8.308 2.898 2.967 
48.4 9.200 3 .24 2.43 8.325 2.919 2.982 
43.6 9.208 3 .24 2.43 8.329 2.924 2.985 
38.4 9.215 3 .24 2.42 8.333 2.928 2.989 
33.7 9.220 3 .24 2.41 8.336 2.932 2.992 
28.8 9.225 3 .23 2.40 8.339 2.935 2.995 
23.9 9.228 3 .23 2.39 8.341 2.937 2.998 
19.9 9.229 3 .23 2.38 8.343 2.939 2.999 
14.9 9.230 3 .23 2.39 8.346 2.941 3.000 
10.1 9.231 3 .23 2.40 8.348 2.942 3.001 
4.2 9.231 3 .23 2.40 8.349 2.942 3.001 
0.0 9.231 3 .23 2.40 8.349 2.942 3.001 
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Table 3. Adiabatic elastic moduli of Lull in units of 10^  ^
dynes/cm^  
T(°K) Cll C12 C13 C33 C44 6^6 
300.1 8.623 3.2O4 2.799 8.086 2.679 2.710 
273.2 8.669 3.2O2 2.777 8.106 2.691 2.734 
247.4 8.715 3.2O0 2.743 8.129 2.705 2.757 
222.0 8.761 3.199 2.77i 8.156 2.719 2.781 
198.0 8.804 3.198 2.777 8.183 2.734 2.803 
172.1 8.851 3.198 2.799 8.216 2.753 2.826 
147.4 8.896 3.197 2.8O9 8.247 2.774 2.850 
92.6 8.996 3.199 2.816 8.316 2.831 2.899 
77.2 9.025 3.2O0 2.829 8.335 2.849 2.912 
50.8 9.067 3.195 2.847 8.367 2.880 2.936 
45.3 9.074 3.195 2.845 8.374 2.886 2.940 
40.5 9.081 3.194 2.846 8.379 2.890 2.944 
35.3 9.088 3.194 2.845 8.385 2.894 2.947 
30.2 9.094 3.193 2.854 8.390 2.899 2.950 
25.2 9.098 3.193 2.859 8.394 2.902 2.953 
20.1 9.101 3.192 2.876 8.397 2.905 2.955 
15.0 9.103 3.192 2.869 8.399 2.907 2.956 
10.1 9.1041 3.192 2.877 8.400 2.908 2.956 
7.0 9.1043 3.192 2.878 8.400 2.908 2.956 
4.2 9.1045 3.192 2.879 8.401 2.908 2.956 
0.0 9.1046 3.192 2.879 8.401 2.908 2.956 
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Fig. 7. The single crystal adiabatic elastic modulus Cn as a function of 
temperature for Lull 
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deviation of 1° in orientation leads to an error of 0.04% in 
and an even smaller error in Cn, C33, and C55. Diffrac­
tion effects due to the transducer are inherent in a system 
because of anisotropy and Papadakis (26) has shown that for 
most systems, diffraction contributes no greater error than 
any of the aforementioned effects. The most difficult effect 
to account for is the phase change correction due to transmis­
sion and reflection from the bond-sample and bond-transducer 
interfaces. McSkimin and Andreatch (18) and Papadakis (27) 
have investigated this effect, and by using their method, a 
deviation of + 0.020 microsecond in the round trip transit 
time yields a 0.5% error in and a 0.3% error in C33, C44, 
and Cgg. 
The non-systematic errors in C13 are difficult to evalu­
ate since the correct value of 0^ 3 must be chosen from the 4 
roots arising from the pair of quadratic relations of Eq. 11 
for skew propagation. The correct value is determined by 
using the stability conditions for hexagonal symmetry as given 
by Alers and Neighbors (28). 
Thermal Expansion 
In order to obtain the elastic moduli as a function of 
temperature, one must know the thermal expansion of the mate­
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rial under investigation. Little thermal expansion data exist 
for single crystal rare earth metals. Meyerhoff and Smith 
(29) have measured the anisotropic thermal expansion of 
yttrium from 4.2 to 273°K by using an interferometric tech­
nique. Wakiyama and Bozorth (30) and Ergin (31) have found 
anomalies in the temperature dependent thermal expansion coef­
ficients of gadolinium single crystals, while Clark et al. 
(32,33) have reported anomalies in dysprosium single crystals. 
The gadolinium data were obtained in the temperature range 78 
to 330°K and dysprosium was measured between 77 and 300°K. 
The expansivity measurements, determined in the present 
investigation, have been used to calculate the linear thermal 
expansion coefficients for Lull. Following the procedure of 
Collins et aJL. (34) and Geller et ad. (35) , the expansivity 
data have been fitted to the algebraic expression LJl/AQ = 
9 A 
a + bT + cT by means of least-squares calculations. The 
first derivative of the above expression is the thermal expan­
sion. The expansivity values for Lu2A and Lu2B and the corres­
ponding linear thermal expansion coefficients, and , 
are listed in Table 4, along with the volume expansion coeffi­
cient P = 2c^  + QTjj , where the subscripts J_ and I) refer to 
the direction relative to the ^ -axis. Plots of expansivity 
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Table 4. Expansivity values, in units of 10""^ , linear 
thermal expansion coefficients, in units of 
10"G/°K, and volume expansion coefficient, in 
units of 10"^ /°K, of Lull 
T(°K) 
-(A4/4o%L *11 P 
300.8 -5.25 -1.43 20.01 4.82 29.65 
273.2 0 0 19.76 5.59 30.94 
266.4 1.22 0.35 19.85 5.75 31.35 
259.7 2.60 0.75 19.63 6.02 31.67 
252.9 3.91 1.19 19.46 6.15 31.76 
246.0 5.24 1.60 19.06 5.98 31.02 
239.0 6.64 2.02 18.90 6.10 31.10 
231.7 7.97 2.42 18.85 6.06 30.97 
224.4 9.35 2.95 18.44 6.19 30.82 
216.8 10.74 3.39 18.43 6.14 30.71 
209.1 12.22 3.84 18.10 6.28 30.66 
201.2 13.71 4.40 18.12 6.20 30.52 
193.0 15.14 4.93 18.32 6.40 31.12 
184.6 16.69 5.45 17.98 6.46 30.90 
176.0 18.26 5.98 18.01 6.70 31.41 
167.0 19.93 6.62 18.34 6.96 32.26 
157.6 21.67 7.39 17.69 7.18 32.05 
147.8 23.45 8.01 17.79 7.74 33.27 
137.6 25.35 8.80 18.31 8.10 34.51 
126.7 27.35 9.63 17.62 8.10 33.82 
115.2 29.43 10.56 18.16 7.69 33.54 
102.7 31.70 11.49 17.76 7.51 32.78 
89.1 34.16 12.47 16.21 6.63 29.47 
77.2 36.13 13.21 16.61 6.03 28.67 
56.1 39.32 14.38 12.78 4.15 21.08 
33.0 42.09 15.05 8.08 2.20 12.48 
18.8 43.01 15.32 4.96 1.22 7.40 
4.2 43.28 15.42 1.12 0.25 1.62 
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values and linear thermal expansion coefficients, as a func­
tion of temperature, are shown in Figs. 12, 13, and 14. 
Due to the nature of least squares calculations, the pre­
cision of «11 and is no greater than 3% between 300 and 
30°K. Below 30°K, the precision of and is no greater 
than 5% and 10%, respectively. 
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Fig. 12. Single crystal expansivity of Lu2A (a-axis) as a function of 
temperature 
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Fig. 13. Single crystal expansivity of Lu2B (c-axis) as a function of 
temperature 
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Fig. 14. Single crystal linear thermal expansion coefficients for Lu2A, , 
and Lu2B, , as functions of temperature 
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DISCUSSION 
Adiabatic Bulk Properties 
The problem of calculating adiabatic bulk elastic proper­
ties of a body composed of a large number of small single 
crystals oriented in all possible ways is very difficult. 
When the effects of grain shape and the relative size of the 
grains to the dimensions of the aggregate are taken into con­
sideration, the problem becomes unsolvable. A number of 
approximations have been advanced for calculating polycrystal-
line values. Voigt (e.g. see Hill, 36) proposed averaging 
over all possible lattice orientations the relations express­
ing the stress in a single crystal in terms of the given 
strain. Reuss (e.g. see Hill, 36) proposed averaging the 
relations expressing the strain in terms of the given stress. 
Voigt*s procedure contains the assumption that the strain is 
uniform throughout an aggregate and Reuss's that the stress is 
uniform. In the first model, forces between grains are not 
generally in equilibrium, and in the second the distorted 
grains do not fit together. Hill (36) has shown that the 
Voigt and Reuss approximations represent the upper and lower 
limits, respectively, for the calculated polycrystalline 
elastic properties. It has been suggested that By = 2 
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be taken as the polycrystalline relation, where B is the bulk 
property in question and subscripts H, V, and R refer to Hill, 
Voigt, and Reuss, respectively. 
Voigt gives the bulk, K, and shear, G, moduli as: 
9Kv - 2Cii + 2CI2 + 4Ci3 + C33 (12) 
15Gv = 2Cn - C12 - 2Ci3 + C33 + 6C44 + SCgg (13) 
Reuss gives: 
 ^= 2Sii + 2Si2 + 4Si3 + S33 (14) 
R 
 ^= 8S11 - 4Si2 - 8S13 + 4S33 + 6S44 + 3Sg6 (15) 
R 
where are the elastic compliances. Cline et aJ. (37) give 
the relationships between j and j. 
The corresponding estimates of Poisson's ratio, v, and 
Young's modulus, E, have been obtained by substituting the 
appropriate values of K and G in 
V = —[1 - ] ; J: = _1_ + _1_ (16) 
2 3K+G E 3G 9K 
The Voigt, Reuss, and Hill values of K, G, and E for 
lutetium are shown in Table 5, together with corresponding 
room temperature values from Gschneidner (38). The Hill 
values for K, G, and E are plotted in Figs. 15, 16, and 17. 
In this investigation a value of 0.26 was found for both 
Table 5. Adiabatic bulk modulus, shear modulus and Young's modulus in units of 
loH dynes/cm^  of Lull 
T(°K) Kv KR % Gy GR % Ev ER % 
300.1 4.771 4.760 4.766 2.716 2 .714 2 .715 6.850 6.843 6.846 
273.2 4.773 4.760 4.767 2.736 2 .733 2 .735 6.891 6.883 6.887 
247.4 4.770 4. 756 4.763 2.758 2 .756 2 .757 6.937 6.928 6.933 
222.0 4.796 4.782 4.789 2.773 2 .770 2 .772 6.974 6.966 6.970 
198.0 4.811 4.797 4.804 2.790 2 .788 2 .789 7.015 7.006 7.010 
172.1 4.8/-5 4.830 4.837 2.805 2 .802 2 .804 7.053 7.044 7.049 
147.4 4.852 4.838 4.845 2.828 2 .825 2 .826 7.103 7.095 7.099 
92.6 4.885 4.871 4.878 2.877 2 .875 2 .876 7.215 7.207 7.211 
77.2 4.900 4.886 4.893 2.890 2 .888 2 .889 7.246 7.238 7.242 
50.8 4.920 4.906 4.913 2.913 2 .911 2 .912 7.299 7.292 7.295 
45.3 4.921 4.907 4.914 2.918 2 .916 2 .917 7.309 7.302 7.306 
40.5 4.924 4.910 4.917 2.922 2 .920 2 .921 7.318 7.311 7.314 
35.3 4.925 4.912 4.919 2.926 2 .924 2 .925 7.326 7.319 7.323 
30.2 4.931 4.918 4.924 2.928 2 .926 2 .927 7.332 7.325 7.329 
25.2 4.934 4.921 4.928 2.930 2 .928 2 .929 7.338 7.330 7.334 
20.1 4.943 4.930 4.936 2.930 2 .928 2 .929 7.340 7.333 7.337 
15.0 4.941 4.928 4.934 2.932 2 .930 2 .931 7.343 7.337 7.340 
10.1 4.944 4.931 4.938 2.932 2 .930 2 .931 7.344 7.337 7.341 
7.0 4.945 4.932 4.939 2.932 2 .930 2 .931 7.344 7.337 7.341 
4.2 4.945 4.932 4.939 2.932 2 .930 2 .931 7.344 7.338 7.341 
Gschneidner (room temp.) 
K = 4.109 
G = 3.381 (est.) 
E = 8.428 (est.) 
4.95 
CO 
w 
§490 
(g 4.85 
3 
4.80 — 
4.75 
50 100 300 0 150 200 250 
T(°K) 
Fig. 15. Adiabatic bulk modulus as a function of temperature for Lull 
2.95 
OJ 
X 
Q; 
2.7Q 300 200 250 50 100 150 
T(°K 
Fig. 16. Shear modulus as a function of temperature for Lull 
7.35 
(M 
7.15 
lij 7.05-
tn 
_j 
0 6.95 
6.79 50 100 300 200 250 
T C K )  
Fig. 17. Young's modulus as a function of temperature for Lull 
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and Vr as compared to the estimated value of 0.23 given by 
Gschneidner (38). 
Debye Temperature 
A fundamental feature of Debye's specific heat theory is 
the connection between elastic and thermal properties of sub­
stances. The Debye characteristic temperature 6q may be 
determined from velocities of longitudinal and transverse 
sound waves. In crystals a complication arises because the 
velocity of elastic waves depends upon the propagation direc­
tion in the anisotropic medium. Thus, in calculating the 
Debye temperature from single crystal elastic moduli, one is 
faced with finding the average value of a function of the 
three roots of a cubic equation. 
For hexagonal crystals a number of methods have been 
advanced for determining this average velocity value. The 
two methods used in this investigation are those due to 
Wolcott (39) and Anderson (40), and the 6j) values are given 
as 8^  and 0^ , respectively, Wolcott*s method makes use of 
ratios of the single crystal moduli, while Anderson uses the 
Voigt-Reuss approximations. The characteristic temperatures 
obtained using these methods are shown in Table 6 and plotted 
in Fig. 18. 
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Table 6. Debye temperatures of Lull 
T(°K) ew(°K) 0A(°K) T(°K) 8w(°K) 8A(°K) 
300.1 177.5 177.5 45.3 184.0 184.0 
273.2 178.6 178.5 40.5 184.1 184.1 
247.4 179.2 179.2 35.3 184.2 184.2 
222.0 179.7 179.6 30.2 184.3 184.3 
198.0 180.2 180.2 25.2 184.3 184.4 
172.1 180.5 180.5 20.1 184.3 184.4 
147.4 181.3 181.3 15.0 184.4 184.5 
92.6 182.8 182.7 10.1 184.4 184.5 
77.2 183.2 183.2 7.0 184.4 184.5 
50.8 183.8 183.9 4.2 184.4 184.5 
0.0 184.4 184.5 
In Debye's calculations, the relation between the fre­
quency distribution, g(v), and the frequency, v, namely, 
g(v)av holds only near v = 0, and is the result of averaging 
low-frequency acoustic phonons over all directions. Only near 
0°K will these waves be excited to any degree. The propaga­
tion of phonons whose wavelength is very much longer than the 
atomic spacings is not influenced by the details of atomic 
structure or interatomic forces. Thus Gg-values calculated 
from elastic moduli and thermal measurements should be com­
parable only at T 0. At higher temperatures, specific heats 
depend upon the full g(v), whereas elastic moduli measure g(v) 
only at v -• 0. Thus 0 (thermal) is in general different from 
0 (elastic) (41). The 0g-value at 0°K obtained from this 
185.0 -
(84.0 -
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Fig. 18. Debye temperature as a function of temperature for Lull 
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investigation, 184.5°K, is comparable to the specific heat 
value of 0Q = 196°K obtained by Stevens ^  a^ . (42). The 
specific heat values obtained by Jennings _et (43) (6q = 
166.0°K) and Lounasmaa (44) (Sq = 210°K) straddle the present 
value, and are in poorer agreement than the value of Stevens 
et al. (42). The values of Jennings et al. (43) and Lounasmaa 
(44) should be used with caution since the purity of their 
samples is not comparable with the metals used by Stevens et 
al. (42) and in the present investigation. 
Elastic Anisotropy 
The principal Griineisen functions (34) for a solid are 
defined by • 
PVKh 
= C(Cii+Ci2)ajL + Cig*,, J ^ (17) 
Y„ = C2CI30^  +C33*,, ] ^ 
where V is the atomic volume and Cp is the heat capacity at 
constant pressure (the other symbols having been defined pre­
viously). By using the Cp data of Gerstein et (45), Y, 
Yj^ , and Y|j have been calculated, and are listed in Table 7, 
and plotted in Figs. 19 and 20. From Munn (46), a measure of 
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Table 7. Gruneisen functions and anisotropy ratios for Lull 
T (°K) Y C1I+C12/2C13 
300.1 0.94 0.75 1.26- ——- 0.60 2.11 
273.2 1.00 0.82 1.30 0.63 2.14 
247.4 1.02 0.85 1.29 0.66 2.17 
222.0 1.01 0.86 1.27 0.68 2.16 
198.0 1.03 0.88 1.28 0.69 2.16 
172.1 1.08 0.94 1.32 0.71 2.16 
147.4 1.15 1.02 1.36 0.75 2.15 
135.0 1.195 1.07 1.395 0.768 2.170 
130.0 I.2I1 I.O89 1.408 0.773 2.171 
125.0 I.2I7 1.095 1.416 0.772 2.171 
92.6 1.18 1.04 1.42 0.73 2.16 
77.2 1.12 0.97 1.38 0.70 2.16 
50.8 1.07 0.85 1.29 0.66 2.15 
45.3 1.01 0.84 1.30 0.65 2.16 
40.5 1.02 0.84 1.32 0.64 2.16 
35.3 1.05 0.86 1.36 
30.2 1.16 0.95 1.52 
25.2 1.30 1.05 1.71 
20.1 1.79 1.44 2.38 
15.0 2.97 2.36 4.00 
10.1 7.33 5.80 9.89 
vibrational anisotropy is taken as Yj^  /y,j while elastic 
anisotropy is measured by the ratio C11+C12/2C12. These 
ratios are listed in Table 7, and plotted in Fig. 21. In the 
present investigation the ratios reach their maximum values 
at 130°K, namely, 0.77 and 2.17, respectively, showing the 
large elastic anisotropy. 
Moreover, from the moduli it is seen that at all temper­
atures C%l>Cg2, i.e., the ^ -direction is "softer" than axes in 
Ln 
vo 
100 150 
T (°K) 200 250 300 
Fig. 19. Griineisen function Y as a function of temperature for Lull 
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Fig, 20. Griineisen functions and Yj^  as functions of temperature for Lull 
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Fig. 21.  Anisotropy ratios as functions of temperature for Lull 
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the basal plane. Thus lattice vibrations in the ^ -direction 
generally are of lower frequency and are excited first as the 
solid is warmed. This causes the observed rapid expansion 
along the hexagonal axis accompanied by a smaller expansion in 
the basal plane. On warming the rapid increase in dimin­
ishes at approximately 110°K, which suggests that the majority 
of allowed modes are excited; the nearly constant value of 
ofjl above 110°K indicates that very few additional modes are 
excited (see Fig. 14) . The component shows that allowed 
modes in the basal plane are excited up to 130°K; the change 
in slope at this point suggests an interaction between vibra­
tions in the basal plane and x-axis direction, possibly aris­
ing via C13. 
Since the c-direction has been shown to be the "soft" 
direction in lutetium, one would expect the c/a ratio to be 
greater than the "ideal" value 1.63. For lutetium, the c/a. 
value at 298°K is 1.58, while at 4.2°K, the value is 1.57, 
indicating that the basal plane should contain the "soft" 
direction. 
The behavior of elastic moduli and linear thermal expan­
sion as a function of c/a ratio for other hexagonal metals is 
shown in Table 8, where the temperature range is 4.2 to 300°K 
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unless otherwise noted. 
Thus it can be seen that the correlation for metals where 
c/a > 1.63 is good, i.e., the thermal expansion is largest in 
the "soft" direction, the £-axis. But for metals with c/a < 
1.60 such correlation does not exist. For zirconium, titanium, 
and thallium, even though the moduli exhibit basal plane soft­
ness, the greatest thermal expansion lies along the £-axis. 
For yttrium and lutetium, the maximum thermal expansion lies 
along the "soft" direction, i.e., the axis, but this is not 
to be expected since _c/a is less than 1.63. The greatest 
thermal expansion for gadolinium occurs in the basal plane, 
the "soft" plane, which should be expected since £/a is less 
than 1.63. The solution of this problem is not obvious. 
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Table 8. Comparison of elastic moduli and thermal expansion 
coefficients with axial ratio for hexagonal metals 
c/a Elastic Thermal Ref. 
moduli expansion 
coefficients 
Cadmium 1.89 Cl > C33 ^ 47,48 
Zinc 1.86 Cl > C33 47,49 
Magnesium 1.623 Cl < C33 
b 
"x > "m 
"J. <• % 
47,50 
Cobalt 1.623 Cl < r  ^C33 unknown 51 
Rhenium 1.615 Cl < C33 unknown 52 
Thallium 1.60 Cl < C33 1 < % 29,53 
Titanium 1.59 Cl < C33 \ 54,55 
Zirconium 1.59 Cl < C33 54,56 
Scandium 1.59 Cl < C33 unknown 57 
Gadolinium 1.59 Cl < C33 30,31,58 
*(4.2-283°K). 
(^4.2-30°K). 
C(30-283°K). 
(^243-298°K). 
®(4.2-273.2°K). 
(^73-300°K). 
8(78-330°K). 
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Table 8. (Continued) 
ç/a Elastic 
moduli 
Thermal 
expansion 
coefficients 
Ref. 
Hafnium 1.58 Cll < C33 unknown 54 
Lutetium 1.58 Gil > C33 "X < ""l, present 
Yttrium 1.57 Cll > C33 29,59 
Erbium 1.57 Cll > Cggh unknown 60 
Dysprosium 1.57 Cll < «33^  no definite 
pattern 
32,33,60 
Beryllium 1.57 Cll < 633^  "x > "11 " 29,61 
(^81-300°K). 
i(298°K and higher). 
j(77-300°K). 
(^77-273.2°K). 
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SUMMARY 
Large lutetium single crystals have been grown by using 
the strain-anneal method; minimal success was attained when 
this method was applied to praseodymium and neodymium. Large 
praseodymium single crystals were obtained by using the crys-
tallographic transformation procedure; the outlook for neo­
dymium single crystals utilizing this method looks promising. 
Small, imperfect single crystals were obtained when the 
electron-beam-floating-zone method was applied to praseodymium 
and neodymium. 
The adiabatic elastic moduli and thermal expansion coef­
ficients of lutetium have been calculated from 4.2 to 300°K. 
The moduli show no irregularities over the entire temperature 
range; moreover, differences in impurity content of the single 
crystals were found to have little influence on the moduli., 
The thermal expansion coefficient parallel to the c-axis was 
found to be greater than the coefficient in the basal plane, 
even though the c^ /a ratio would suggest the opposite. An 
interaction of the moduli is suspected. 
The moduli have been used to calculate the Debye tempera­
ture and bulk elastic properties of lutetium. The calculated 
Debye temperature has been found to be comparable with recent 
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thermal measurements at 0°K. The bulk properties (Poisson*s 
ratio, bulk, shear, and Young's moduli) agreed favorably with 
published results on polycrystalline lutetium. 
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APPENDIX A 
75 
Substituting Eq. 8 into Eq. 9 yields 
'11 + Cci3+cee] ^  
C56 é - Ci, . C,, If . [C12+C,,J ^  
<=44 If + C44 $+«33#+ CC13+C44: ^  
+ CCI3«44: ^  = P â 
If the assumed plane wave solution is substituted above, 
one obtains 
AjjCCii^  ^+ CaamZ + C^ n^^  - pv^ 3 + Ay[Cx2+C66]to 
+ AzCCig+C^ l^dn = 0 
or A^ [a-pv^ ] + Ayb + A^ c = 0 
Ax'^ C66+Ci2l^ in + AyCCggi^  + Ci^ m^  + - pv^ ] 
+ AgCCig+Cz^ J^mn = 0 
or Axb + Ay[d-pvn] + Agf = 0 
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+ Ay[C44+C]^ 3 ]mn 
+ Az[C44^ +^C44iii2+C33n2-pv^ J = 0 
or A^ c + Ayf + Ag [h- pv^ ] = 0 
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APPENDIX B 
78 
Transit times for Lui in units of 10"^  seconds 
T(°K) Cll Cl3 C33 G44 C66 
300.8 3.729 5.216 2.584 6.696 6.652 
273.2 3.721 5.205 2.581 6.685 6.624 
223.6 3.704 5.181 2.572 6.645 6.574 
198.5 3.695 5.165 2.568 6.624 6.548 
174.5 3.686 5.152 2.564 6.605 6.522 
151.5 3.678 5.135 2.560 6.586 6.500 
125.3 3.669 5.114 2.555 6.565 6.475 
77.2 3.655 5.075 2.545 6.509 6.429 
66.3 3.652 5.066 2.542 6.496 6.420 
48.4 3.646 5.047 2.541 6.472 6.405 
43.6 3.645 5.043 2.540 6.467 6.400 
38.4 3.644 5.039 2.539 6.463 6.396 
33.7 3.643 5.036 2.538 6.459 6.392 
28.8 3.642 5.033 2.538 6.455 6.389 
23.9 3.641 5.031 2.537 6.452 6.387 
19.9 3.641 5.029 2.537 6.450 6.386 
14.9 3.640 5.028 2.536 6.449 6.385 
10.1 3.640 5.027 2.536 6.448 6.385 
4.2 3.640 5.027 2.536 6.448 6.385 
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Transit times for Lull in units of 10"^  seconds 
T(°K) Cll Cl3 C33 C44 6^6 
300.1 4.106 4.258 4.412 7.663 7.325 
273.2 4.096 4.247 4.405 7.642 7.291 
247.4 4.086 4.236 4.397 7.623 7.264 
222.0 4.075 4.227 4.388 7.606 7.235 
198.0 4.067 4.216 4.383 7.580 7.207 
172.1 4.055 4.204 4.373 7.555 7.179 
147.4 4.049 4.190 4.366 7.528 7.152 
92.6 4.027 4.151 4.347 7.448 7.095 
77.2 4.021 4.139 4.341 7.426 7.079 
50.8 4.013 4.119 4.334 7.383 7.050 
45.3 4.011 4.115 4.331 7.376 7.046 
40.5 4.010 4.112 4.329 7.371 7.042 
35.3 4.009 4.109 4.328 7.366 7.038 
30.2 4.007 4.106 4.327 7.362 7.035 
25.2 4.007 4.104 4.326 7.357 7.032 
20.1 4.006 4.102 4.325 7.352 7.031 
15.0 4.005 4.101 4.324 7.350 7.030 
10.1 4.005 4.101 4.324 7.349 7.029 
7.0 4.005 4.100 4.324 7.348 7.029 
4.2 4.005 4.100 4.324 7.348 7.029 
